Abstract. A pointed fusion category is a rigid tensor category with finitely many isomorphism classes of simple objects which moreover are invertible. Two tensor categories C and D are weakly Morita equivalent if there exists an indecomposable right module category M over C such that Fun C (M, M) and D are tensor equivalent. We use the Lyndon-Hochschild-Serre spectral sequence associated to abelian group extensions to give necessary and sufficient conditions in terms of cohomology classes for two pointed fusion categories to be weakly Morita equivalent. This result may permit to classify the equivalence classes of pointed fusion categories of any given global dimension.
Introduction
Pointed fusion categories are rigid tensor categories with finitely many isomorphism classes of simple objects with the property that all simple objects are invertible. Any pointed fusion category C is equivalent to the fusion category V ect(G, ω) of complex vector spaces graded by the finite group G together with the associativity constraint defined by the 3-cocycle ω ∈ Z 3 (G, C * ). Whenever we have a right module category M over C we can define the dual category C * M := Fun C (M, M) which becomes a tensor category via composition of functors. Whenever C is a fusion category and M is an indecomposable fusion category, the dual category C We continue the work started by Naidu in [10] and frame all the calculations done there in the language of the double complex associated to an abelian group extension which induces the Lyndon-Hochschild-Serre spectral sequence. By doing so we are able to obtain in Corollary 3.2 cohomological conditions on ω in order for the tensor category V ect(G, ω) * M(A\G,µ) to be pointed, namely that ω must be cohomologous to a cocycle appearing in C 2,1 ⊕ C 3,0 of the double complex which induces the Lyndon-Hochschild-Serre spectral sequence associated to the extension 1 → A → G → K → 1.
With the previous result at hand, we construct explicit representatives of ω and µ in terms of coordinates and we determine explicitly the groups G and the cocycles ω. The main result of this paper is Theorem 3.9 in which we give the necessary and sufficient conditions for the categories V ect(H, η) and V ect( H, η) to be weakly Morita equivalent. We may summarize the conditions as follows: V ect(H, η) and V ect( H, η) are weakly Morita equivalent if and only if there exist isomorphisms of groups φ : A⋊ F K ∼ = → H and φ : K ⋉ F A ∼ = → H for some finite group K acting on the abelian group A, with F ∈ Z 2 (K, A) and F ∈ Z 2 (K, A) where A := Hom(A, C * ), such that both [ F ] and [F ] survive respectively the LHS spectral sequence for the groups A ⋊ F K and K ⋉ F A, and such that φ * η is cohomologous to
and φ * η is cohomologous to
where ǫ : K 3 → C * satisfies δ K ǫ = F ∧ F . Theorem 3.9 may be used to determine the weak Morita equivalence classes of pointed fusion categories of a given global dimension but the cohomological calculations can become very elaborate and are beyond the scope of this article. Nevertheless in section §4 we include a calculation on which we show how Theorem 3.9 can be used to show that there are only seven weak Morita equivalence classes of pointed fusion categories of global dimension four, and in order to calculate the pointed fusion categories which are weakly Morita equivalent to V ect(Q 8 , η) for the quaternion group Q 8 . for k ∈ K and g 1 , g 2 ∈ G. Since A is an abelian normal subgroup G, there is an induced K-left action on A by conjugation:
k a := u(k)au(k) −1 for k ∈ K and a ∈ A.
Since the isomorphism class of the extension (1.1) can be classified by the cohomology class of the cocycle F ∈ Z 2 (K, A), i.e. a map F : K × K → A such that
without loss of generality we will further assume that
where the product structure of G is given by the formula (a 1 , k 1 )(a 2 , k 2 ) := (a 1 ( k1 a 2 )F (k 1 , k 2 ), k 1 k 2 ).
With this explicit choice of the group G, we choose the function u : K → G to be u(k) := (1 A , k) and therefore we have that
thus obtaining F (k 1 , k 2 ) = κ k1, (1,k2) . We furthermore have that for x ∈ K and g = (a, k) ∈ G x⊳g = x⊳(a, k) = xk. Denote the dual group A := Hom(A, C * ) and note that there is an induced K-right action on A defined as ρ k (a) := ρ( k a) for ρ ∈ A and k ∈ K.
1.2.
Cohomology of groups and the Lyndon-Hochschild-Serre spectral sequence. In what follows we will construct an explicit double complex whose cohomology calculates the cohomology of the group G, and whose associated spectral sequence recovers the Lyndon-Hochschild-Spectral (LHS) spectral sequence of the extension (1.1). Endow the set Map(K, C * ) with the left G-action (g⊲f )(k) := f (k⊳g) where g ∈ G, k ∈ K and f : K → C * , and consider the complex C * (G, Map(K, C * )) with elements normalized chains
.., g q ) = 1 whenever some g i = 1}
and boundary map
Since the natural morphism of groupoids, defined by the inclusion of the group A into the action groupoid defined by the right action of G on K, is an equivalence of categories, we have that the restriction map
is a morphism of complexes which induces an isomorphism in cohomology
The inverse map could be constructed at the level of cocycles as follows
defines a map of complexes inducing an isomorphism in cohomology ϕ :
which is the inverse of the map ψ.
Proof. On the one hand we have
q and on the other
The equality δ G ϕ(α) = ϕ(δ G α) follows from the identity
Finally, the composition ψ(ϕ(α)) = α follows from the equation κ 1,a = a for a ∈ A.
The complex C * (A, C * ) can be endowed with the structure of a right K-module by setting for α ∈ C q (A, C * ) and
and the complex C * (G, Map(K, C * )) can also be endowed with the structure of a right K-module by setting for f ∈ C q (G, Map(K, C * )) and k ∈ K (f ⊳k)(x; g 1 , ..., g q ) := f (kx; g 1 , ..., g q ).
The map ϕ fails to be a K-module map; nevertheless it induces a K-module map at the level of cohomology
Proof. Take α ∈ Z q (A, C * ) and k ∈ K. We claim that ψ(ϕ(α)⊳k) = α k , and since ψ(ϕ(α k )) = α k , we conclude that ϕ(α)⊳k and ϕ(α k ) are cohomologous. Now, let us calculate
the lemma follows.
) is a complex of right K-modules, we can consider the complexes
and whose differentials
These complexes assemble into a double complex C p,q := C p (K, C q (G, Map(K, C * ))). Let us denote by Tot (C * , * ) the total complex associated to the double complex and let
p be its differential. We may filter the total complex by the degree of the G cochains, thus obtaining a spectral sequence whose first page becomes
Since the K-modules C q (G, Map(K, C * )) are free K-modules, we conclude that the first page localizes on the y-axis,
and E p,q 1 = 0 for p > 0. The spectral sequence collapses at the second page, with the only surviving elements on the y-axis
Hence we have
is a quasi-isomorphism. Therefore the cohomology groups
are canonically isomorphic.
Filtering the double complex by the degree of the K cochains we obtain the Lyndon-Hochschild-Serre spectral sequence associated to the group extension 1 → A → G → K → 1 (see [7, §7.2] and references therein). The first page becomes
and the second page becomes
Since the projection map ψ :
is an isomorphism of K-modules, we conclude Proposition 1.4 (LHS spectral sequence). Filtering the total complex by the degree of the K-chains, we obtain a spectral sequence whose second page is
and that converges to H * (G, C * ).
We will denote
the differentials of this spectral sequence.
where C is a category, ⊗ : C × C → C is a bifunctor, α is the associativity constraint i.e. a functorial isomorphism
is a unit element and λ, ρ are functorial isomorphisms
and the triangle axiom
1.4. The fusion category V ect(G, ω). A fusion category over C is a rigid semisimple C-linear tensor category, with only finitely many isomorphism classes of simple objects, such that the endomorphisms of the unit object is C (see [5] ).
For G a finite group and a 3-cocycle ω ∈ Z 3 (G, C * ), define the category V ect(G, ω) by setting that its objects are G-graded complex vector spaces V = g∈G V g , whose tensor product is
, and whose left and right unit isomorphisms are λ Vg = ω(1, 1, g) −1 id Vg and ρ Vg = ω(g, 1, 1)id Vg . The category V ect(G, ω) is a fusion category where the simple objects are the 1-dimensional vector spaces.
We will assume that all group cochains are normalized, and hence the left and right unit isomorphisms become identities.
For convenience we will work with a category V(G, ω) which is skeletal, i.e. one on which isomorphic objects are equal, and which is equivalent to V ect(G, ω). The category V(G, ω) has for simple objects the elements g of the group G, the tensor product is g ⊗ h = gh and the associativity isomorphisms are ω(g, h, k)id ghk .
A finite tensor category is called pointed if all its simple objects are invertible. It is thus easy to see that any finite tensor category which is pointed is equivalent to V ect(G, ω) for some finite group G and some 3-cocycle ω. 
Two module categories M 1 and M 2 over C are equivalent if there exist a module functor between the two which is moreover an equivalence of categories. The direct sum M 1 ⊕ M 2 is the module category with the obvious structure. A module category is indecomposable if it is not equivalent to the direct sum of two nontrivial module categories.
A natural module transformation η : (
commutes for all M ∈ M and X ∈ C.
Indecomposable module categories over V(G, ω)
. Let M be a skeletal right module category over V(G, ω). The set of simple objects of M is a transitive right G-set and therefore it can be identified with the coset K := A\G for A a subgroup of G. The isomorphisms µ k,g1,g2 for k ∈ K and g 1 , g 2 ∈ G are scalars, and we can assemble these scalars as an element
The pentagon axiom (1.4) translates into the equation
which in view of the definition of the differential δ G in (1.3) becomes
Since µ is normalized and the unit constraint in V(G, ω) is trivial, we have that the triangle axiom (1.5) implies that the unit constraint in M is trivial.
Denote this skeletal module category
This information implies that A 1 and A 2 are conjugate subgroups of G and that
In the case that A = A 1 = A 2 , the G-equivariant isomorphisms are parameterized by the elements of the group A\N G (A), and the equation
implies that
is trivial in H 2 (G, Map(A\G, C * )). Since we know that ψ : The category C * M becomes a tensor category by composition of functors, namely for (
where γ 1 , γ 2 represent the module structures on the functors F 1 and F 2 respectively, we define the tensor structure by ( 1.8. Center of a tensor category. The center Z(C) of the tensor category C is the category whose objects are pairs (X, η) where X is an object in C and η is a functorial set of isomorphisms
and the triangle diagram
The center Z(C) is moreover braided and the braiding for the pair (X, η), (Y, ν) is precisely the map η Y .
The center Z(V ect(G, ω)) of the tensor category V ect(G, ω) contains the information necessary for constructing the quasi-Hopf algebra that is known as the Twisted Drinfeld Double 
The dual of V(G, ω) with respect to M(A\G, µ)
Let us consider the tensor category C = V(G, ω) and the right module category M = M(A\G, µ) described in §1. 6 . In this chapter we will review the main results of [10] where explicit conditions are stated under which the dual category C * M is pointed. For the sake of completeness and clarity we will review the constructions done in §3 and §4 of [10] and we will reinterpret the equations given there in the terminology that we have set up in §1.1 and §1.2.
2.1.
Conditions for C * M to be pointed. Let us setup some notation for this section: let K := A\G, u :
the elements of K fixed under the conjugation by elements of A. The module category M(A\G, µ) is the skeletal category whose simple objects are the elements of K = A\G, whose tensor structure is k ⊗ g := k⊳g for k ∈ K and g ∈ G and whose associativity constraint µ satisfies δ G µ −1 = π * ω, see (1.6) In what follows we will focus on parametrizing the invertible objects of C * M . Following [10, Lemma 3.2] any invertible module functor in C * M is of the form (F y , γ) where the functor F y : M → M is the one that extends the G-equivariant
A , and γ is a functorial isomor-
→ F y (k) ⊗ g that satisfies the pentagon axiom. Writing γ k,g := γ(k; g)id p(u(y)u(k⊳g)) for γ ∈ C 1 (G, Map(K, C * )) we have that the pentagon axiom of a module functor translates into the equation
which can also be written as
The inverse of (F y , γ) is the module functor (F p(u(y) −1 ) ,γ) with
Defining for each y ∈ K A the set
for all k ∈ K and g 1 , g 2 ∈ G, we have that the set of invertible objects of C * M are precisely the module functors (F y , γ) where y ∈ K A and γ ∈ F un y . To simplify the notation we will denote such module functor by the pair (y, γ).
Two invertible module functors (y 1 , γ 1 ) and (y 2 , γ 2 ) in C * M are isomorphic if and only if y 1 = y 2 and if there exists natural transformation parameterized by a map η ∈ C 0 (G, Map(K, C * )) satisfying the equation
for all k ∈ K and g ∈ G. These equations can be rewritten as the equation
. Therefore for each y ∈ K A we may define an equivalence relation on the elements γ 1 , γ 2 ∈ F un y by setting that γ 2 ≃ γ 1 whenever there exist η such that δ G η = γ 2 γ 1 ; denote the by F un y the associated set of equivalence classes.
For each y ∈ K A let us choose an element γ y ∈ F un y , and note that the maps
are inverse to each other. Therefore we obtain bijections 
Note that since A is normal in G, we may use the notation introduced in §1.2 so that µ(f y (k); g 1 , g 2 ) = µ(yk; g 1 , g 2 ) = (µ⊳y)(k; g 1 , g 2 ). Since we have that
implies that the quotient is trivial in cohomology.
2.2.
The Grothendieck ring of the pointed category C * M . From now on we will assume that the dual category C * M is pointed. Therefore we have that A is abelian and normal in G and that we can choose elements γ y ∈ C 1 (G, Map(K, C * )) for each y ∈ K such that δ G γ y = µ⊳y µ . The Grothendieck ring K 0 (C * M ) of the category C * M is the ring defined by the semi-ring whose elements are the isomorphism classes of objects and whose product is the one induced by the tensor product. Since C * M is pointed then K 0 (C * M ) is isomorphic to the group ring Z[Λ] for some finite group Λ. In this section we will recall the construction of this isomorphism carried out in [10, Thm. 4.5] .
The tensor product of two invertible elements (
This tensor product defines a group structure on the set of isomorphism classes of invertible objects
where [γ] denotes the equivalence class of γ in F un y .
Define the element γ ∈ C 1 (K, C 1 (G, Map(K, C * ))) by the equation γ(y) := γ y and note that the equations δ G γ y = µ⊳y µ are equivalent to the equation
Define the elementν := δ K γ, i.e.ν(y 1 , y 2 ) = γ(y2)γ(y1)⊳y2 γ(y1y2)
, and note that
) and we may define
thus having ν(y 1 , y 2 )(a) :=ν(y 1 , y 2 )(1; a).
With this 2-cocycle ν we may define the crossed product K ⋉ ν A by setting on pairs of elements of the set K × A y 2 ) ). Using the notation of (2.2) we have 
is an isomorphism of groups.
and on the other
The result follows if we check the equality θ y1y2 ((ζ y1 (ρ 1 )⊳y 2 )ζ y2 (ρ 2 )) = ρ y2 1 ρ 2 ν(y 1 , y 2 ) since this implies that ζ y1y2 ((ρ 1 ⊳y 2 )ρ 2 ν(y 1 , y 2 )) and (ζ y1 (ρ 1 )⊳y 2 )ζ y2 (ρ 2 ) are cohomologous; hence we have ((y 1 , ζ y1 (ρ 1 )) • (y 2 , ζ y2 (ρ 2 )) := (y 1 y 2 , ζ y1y2 (ν(y 1 , y 2 )ρ y2 1 ρ 1 )). For each pair of objects, choose isomorphisms in
which by equation (2.1) satisfy
). The tensor product ⊗ in C * M is associative since it is defined by the composition of functors, but the tensor product • in its skeleton sk(C * M ) may fail to be associative. The associativity constraint for sk(C * M ) is then
In [10, Thm. 4.9] it is shown that ω ′ is K-invariant and moreover that it can be given in explicit form by the equation
Therefore we may define the 3-cocycle on K ⋉ ν A by the equation
and choosing G = A ⋊ F K and u(y) = (1, y) as it was done at the end of §1.1, the 3-cocycle on K ⋉ ν A becomes ω((y 1 , ρ 1 ), (y 2 , ρ 2 ), (y 3 , ρ 3 )) =ν(y 1 , y 2 )(1; (1, y 3 )) ρ 1 (F (y 2 , y 3 )). 
as braided tensor categories
Weak Morita equivalence classes of group-theoretical tensor categories
We are interested in classifying group theoretical tensor categories of a specific global dimension up to weak Morita equivalence. For this purpose we will fix the group G = A ⋊ F K with A abelian and normal in G and F ∈ Z 2 (K, A), and we will give an explicit description of the cocycles ω ∈ Z 3 (A ⋊ F K, C * ) and ω ∈ Z 3 (K ⋉ ν A, C * ) such that the tensor categories V(A⋊ F K, ω) and V(K ⋉ ν A, ω) are weakly Morita equivalent.
3.1. Description of ω, µ and γ. In Theorem 2.1 and in §2.2 we have seen the conditions needed for the tensor category C * M = V(G, ω) * M(A\G,µ) to be pointed. In particular we have seen that we need the existence of γ ∈ C 1 (K,
Since we also have that δ G µ −1 = π * ω we can obtain the following lemma.
Lemma 3.1. The cocycles π * ω andν are cohomologous in Tot (C
Proof. Recall the definition of the double complex C * (K, C * (G, Map(K, C * ))) given in §1.2.1, and note that we have π
2 and note that In what follows we will construct explicit representatives for ω and µ, but for this purpose we will start by constructing explicit 3-cocyles in Tot (C * (K, C * (G, Map(K, C * )))) which appear in Ω(G; A). Let us start by determining the second differential
is isomorphic to the homomorphism
Proof. First recall that
Take F ∈ Z 2 (K, A) and use the map ϕ of Lemma 1.1 to lift this cocycle to
Its boundary is
and we can define
On the one hand we have
and note that δ Kǭ = F ∧ F and that δ Gǭ = 1. Hence the class ϕ( F ) ⊕ǭu −1 ∈ C 2,1 ⊕ C 3,0 defines a 3-cocycle in the total complex:
and note that
Therefore δ K βǭ u −1 = 1, hence we have that the class ϕ( F )δ G β ∈ C 2,1 is a 3-cocycle in the total complex and moreover that it is cohomologous to the class ϕ( F ) ⊕ǭu −1 , in coordinates:
Summarizing the previous results: Proposition 3.5. Every cohomology class which appears in Ω(G; A) can be represented by a 3-cocycle ϕ( . Therefore we have that
and hence we can choose a representative cocycle
Let ǫ ′ := ǫτ and define β ∈ C 2 (K, C 0 (G, Maps(K, C * ))) by the equation
Equation (3.1) implies that δ K β = (ǭτ ) −1 u and therefore the proposition follows from the equation
Now we need to find an explicit description of ω ∈ Z 3 (G, C * ) such that π * ω and ϕ( F )δ G β are cohomologous. Theorem 3.6. Let G = A ⋊ F K and consider ω ∈ C 3 (G, C * ), µ ∈ C 0,2 and γ ∈ C 1,1 defined by the following equations:
Proof. Let us calculate:
and
hence we have that
Finally we calculate
and since by equation (3.2) we have that
we have that
3.2. Description of ω and ν. Assuming the explicit descriptions of ω, µ and γ described in Theorem 3.6, we see thatν = ϕ( F )δ G β. Applying this explicit description ofν into the definition of ν given in (2.3) and of ω given in (2.4) we obtain
which implies that ν = F , and
After applying Corollary 2.4 to the previous explicit construction of ω we obtain the following theorem:
Theorem 3.7. Let K be a finite group acting on the finite abelian group A. Consider cocycles F ∈ Z 2 (K, A) and
Then the tensor categories V ect(A⋊ F K, ω) and V ect(K ⋉ F A, ω) are weakly Morita equivalent, and therefore their centers are braided equivalent
Note that we may have taken a different choice of µ and γ in section 3.1 thus producing differentν and ω. The description of ω depends on the choice of coho-
in the second page representing the image of
∞ . This choice may be changed by elements in the image of the second differential
Changing ω by a coboundary ω ′ = ωδ G α, and writing ω ′ explicitly as
produces a ω ′ which becomes
Applying Theorem 3.7 and using the equivalence of categories V ect(A ⋊ F K, ω) ≃ V ect(A⋊ F K, ω ′ ) we obtain that the tensor categories V ect(A⋊ F K, ω) and V ect(K⋉ F ′ A, ω ′ ) are also weakly Morita equivalent. The previous argument permit us to conclude the following corollary: 3.3. Classification theorem. Now we are ready to state the key result in order to establish the weak Morita equivalence classes of group theoretical tensor categories. Theorem 3.9. Let H and H be finite groups, η ∈ Z 3 (H, C * ) and η ∈ Z 3 ( H, C * ). Then the tensor categories V ect(H, η) and V ect( H, η) are weakly Morita equivalent if and only if the following conditions are satified:
• There exist isomorphisms of groups
for some finite group K acting on the abelian group A, with F ∈ Z 2 (K, A) and F ∈ Z 2 (K, A) where A := Hom(A, C * ).
• There exist ǫ :
Proof. Suppose that V ect(H, η) and V ect( H, η) are weaky Morita equivalent. Then V ect( H, η) is equivalent to the dual category V(H, η) * M(A\H,µ) with K := A\H, φ :
→ H and M(A\H, µ) some module category of V(H, η). By Corollary 3.8 the tensor category V ect( H, η) is furthermore equivalent to V ect(K ⋉ F ′ A, ω ′ ) where ω ′ and ω ′ are the cocycles defined in equations (3.3) and (3.4) respectively, and such that ω ′ is cohomologous to φ * η. In particular we have that φ : G = Since we have a clear description for a base of H 4 ((Z/2) 2 , Z), we will abuse the notation and denote with the symbols of H 4 ((Z/2) 2 , Z) the elements of H 3 ((Z/2) 2 , C * ). With this clarification the relevant terms of the second page of the LHS spectral sequence of the extension 1 → Z/2 → Z/4 → Z/2 → 1 become
where the second differential is defined by the assignment d 2 (yx k ) = Sq 1 (x k+2 ) with the class x 2 classifying the extension. We conclude that the only weak Morita equivalence that appears, which does not come from an automorphism of a group, is
Therefore we see that there are exactly seven weak Morita equivalence classes of pointed fusion categories of global dimension 4, namely the three for Z/4:
the three for (Z/2) 2 :
and the one that we have just constructed
4.2. Non trivial action of Z/2 on Z/4. Consider the non trivial action of Z/2 on Z/4 and the abelian extension 1 → Z/4 → G → Z/2 → 1. The group G is either the Dihedral group D 8 in the case that the extension is a split extension or the quaternion group Q 8 in the case that the extension is a non-split extension.
In the case of D 8 the relevant elements of the second page of the LHS spectral sequence associated to the extension are:
and they all survive to the page at infinity. Since Here we are abusing the notation and we are using the explicit base of H 4 ((Z/2) 2 , Z) to denote the elements in H 3 ((Z/2) 2 , C * ). Since E with E 0,3 ∞ = Z/2 = α , x 2 + xy + y 2 = 2α and x 2 y 2 = 4α where α is a generator α = H 3 (Q 8 , C * ) that was defined in section §4.2. Hence the only Morita equivalences that we obtain are V ect(Q 8 , 0) ≃ V ect((Z/2) 3 , Sq 1 (e(x 2 + xy + y 2 )))
V ect(Q 8 , 4α) ≃ V ect((Z/2) 3 , Sq 1 (e(x 2 + xy + y 2 )) + x 2 y 2 ) and the self Morita equivalences V ect(Q 8 , 2α) ≃ M V ect(Q 8 , 2α) and V ect(Q 8 , 6α) ≃ M V ect(Q 8 , 6α). Bundling up the previous results for the group Q 8 we obtain the following result:
Proposition 4.1. Let us suppose that V ect(Q 8 , kα) is weakly Morita equivalent to V ect(G, η). Then • For k odd or k = 2, 6, G must be isomorphic to Q 8 and η must correspond to jα with j odd or j = 2, 6.
• For k = 4, G must be isomorphic to Q 8 or (Z/2) 3 .
• For k = 0, G must be isomorphic to Q 8 , D 8 or (Z/2) 3 .
Proof. First note that the action of Aut(Q 8 ) on H 3 (Q 8 , C * ) is trivial. Second note that the only normal subgroups of Q 8 are its center and the cyclic ones generated by roots of unity and that they all fit into the central extension 1 → Z/2 → Q 8 → (Z/2) 2 → 1 or the non-split extension 1 → Z/4 → Q 8 → Z/2 → 1 that we have studied before. Since any weak Morita equivalence between pointed fusion categories comes from a normal and abelian subgroup of Q 8 , the classification that we have done before exhausts all possibilities. For k odd we know that kα survives to the restriction to the center and to the cyclic subgroups isomorphic to Z/4 and therefore G can only be Q 8 . The classes 2α and 6α trivialize on the center of Q 8 but these classes define extensions of (Z/2) 2 by Z/2 which are isomorphic to Q 8 and define cohomology classes which are precisely 2α and 6α. The class 4α trivializes in all normal and abelian subgroups; in the case of the subgroup Z/4 the only group that may appear is Q 8 , and in the case of the center we may obtain the weak Morita equivalence V ect(Q 8 , 4α) ≃ V ect((Z/2) 3 , Sq 1 (e(x 2 + xy + y 2 )) + x 2 y 2 ). 
